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ABSTRACT
>
2

An approximate solution of the transonic throat flow in a Delaval
nozzle is found by expanding the potential function in a power series
about the critical line. Five terms were used in the present series
expansion, and the complete potential flow equation of motion was used.

Solutions of the present set of equations are functions of two
independent parameters: the radius of curvature of the nozzle wall and
the ratio of specific heats of the fluid medium. The solution of the
resultant equations is complex emough to make an electronic computer
program desirable. For this reason, basic results of a series of solu-
tions over a wide range of the two independent parameters are given in
tabular form. From these tabulated results, any quantities of interesgt
in the flow field may be rapidly computed.
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X, r,
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DEFINITION OF SYMBOLS

Definition
local speed of sound
critical speed of sound
axial, radial, and meridional coordinates of the
cylindrical coordinate system. The origin is located
at the point the critical line crosses the longitudinal
axis of the nozzle.
velocity component in x-direction
velocity component in r-direction
dimengionless velocity component in r-direction

=8
=3

dimensionless velocity component in r-direction

v =3

dimensionless perturbation velocity in x~direction
dimensionless perturbation velocity in r-direction

radial coordinate of intersection of critical line
with nozzle wall

axial coordinate of intersection of critical line with
nozzle wall

velocity gradient on nozzle center line at the critical
line

distance from vertex of the critical line
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CALCULATION OF TRANSONIC NOZZLE FLOW

SUMMARY

An approximate solution of the transonic throat flow in a De Laval
nozzle is found by expanding the potential function in a power series
about the critical line., Five terms were used in the present series
expansion, and the complete potential flow equation of motion was used.

Solutions of the present set of equations are functions of two
independent parameters: the radius of curvature of the nozzle wall and
the ratio of specific heats of the fluid medium. The solution of the
resultant equations is complex enough to make an electronic computer
program desirable, For this reason, basic results of a series of solu-
tions over a wide range of the two independent parameters are given in
tabular form, From these tabulated results, any quantities of interest
in the flow field may be rapidly computed,

I. INTRODUCTION

Transonic flow through the throat of an axially symmetric De Laval
nozzle has, in general, been solved only by assuming the potential
function to be given by a power series and obtaining the solution
through numerical analysis. Two of the most generally available solu-
tions are contained in References 1 (Oswatitsh and Rothstein) and 2
(Sauer). Although the general approach to the problem in these two
papers is very similar, the final methods of solution are quite different,

In the method of Oswatitsh and Rothstein, it is necessary to perform
several iterations on the basic solution to obtain an essentially closed
solution for small radius of curvature at the throat. This process is
tedious and, since numerical differentiation procedures are required in

the iterations, it may not be stable for the number of iterations required

to obtain a closed solution, On the other hand, Sauer's method uses
only two terms in the series expansion about the critical line and should
be used only for nozzles with a large radius of curvature.



The present paper consists of an extension of the Sauer method by
using more terms of the series expansion about the critical line. This
should increase the accuracy of the solution, especially for smaller
values of the throat radius of curvature. Unfortunately, the coefficients
of the series expansion became so complex that it is impractical to
attempt the derivation of a large number of the coefficients. Therefore,
the solution given in this paper is still not a closed series solution
for radii of curvature as small as those encountered in typical present -
day propulsion nozzles,

II. EQUATION OF MOTION

A cylindrical (x, r, @) coordinate system is used with the x-axis
along the centerline of the nozzle with the origin at the position where
the critical velocity line crosses the nozzle centerline. Assuming
irrotational flow of a perfect, non-heat-conducting fluid with a constant
ratio of specific heats, the potential equation of motion is

’\Jz ~o
(1%;)2 <1- 5—"-2“"23 +&=0, 1)

The local sonic velocity may be related to the critical sonic velocity,
a*, by

a2 =23l an® o 2oL @24 37y, (2)
Now, substituting (2) into (1) and letting
U = d/a*, V =v/a%*, 3)

the potential equation becomes

U -1 oV -1 5
ax<1-U2-?'———7+1v2> e <1-v2 L—7+1U>

(4)
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If equation (4) is limited to a small region in the immediate vicinity
of the critical curve, it is permissible to set

U=1+u, V=v, (5)

where u and v are small quantities. Upon substitution of (5) into (4),
there results

au 2 Y = 1 =3 av~2 Z- 1 =) 2
5% \U + 2u + o ve )+ S5 LV + o (u= + 2u) - Py
(C))

Ll- @ zz-l o 2 2 _
+ -1 d+u) v St + T |7 ¥ 1 (u= + 2u + v=) - el o,

which is the equation for which a solution will be sought.

ITI, METHOD OF SOLUTION

Considering the symmetry about the x-axis, it is assumed that a
potential function satisfying equation (6) can be found in the following
form:

o = fo(x) + r2fo(x) + rif,(x) + réfg(x) + rifa(x) + .... )

Then

£1(x) + r2EL(x) + ¥ (x) + rOL(x) + L (x) + ... (8)

2rfo(x) + 4r3f,(x) + 6r°fg(x) + 8r'fg(x) + ...,

where primes denote derivatives with respect to x. When equations (8)
and the required partial derivatives of equations (8) are substituted



into equation (6), the resulting equation can be arranged in powers of
r. Then the individual coefficients of the powers of r are equated to
zero and the following equations are obtained.

8
7y +1

[1 - 2L€§4L f;(z + f;)} fo = fg f;(2 + f;) (9)

32 -1 . 1 = 9fn £t 1 T 1
T {1 - 1—5—— £1(2 + fo)} £, = 2£% £L(1 + £1) + £ £1(2 + £)
(10)
221 cn 2 1 ' -2 &3
el ety 8E,EL(1L + £1) + 16 4 £2
2 1 - =L 2+ ') | £ = £ |28 (L + £') + e %+ 2eme 1+ £')
v+ 1 2 o o) 6 o 4 o 2 2"z o
1" et ' L‘___];_ " ne 2
+ENE Q2+ D) + 4 = (41 Eof, + £1,5)
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(equation 12 continued)
1t ' ' 12
+ 26£LF, + 8 £ (L + £1) + 4,f}

2
+ 18fsfé(1 + f;) + 6f2f6(fg + 3f)) + 4f, (fg + 6f5)

16

1" 11} 2 ) ) |} 1
+4f7f f + £+ ST LA L) + AL E A+ £)

]
+ 3£ £L(1 + f;) + fé(3f2f; + 2féf4).

Now, equations (9) through (12) express all coefficients, in order, by the
function fé(x) and its derivatives. The function

fé(x) = uo(x)

is the velocity along the nozzle centerline, and once it is determined,
the solution of equations (9) through (12) for the higher coefficients
may be immediately obtained. 1If we assume ug(x) to be a linear function,
close to the critical line, then

' = =
fo uo(x) ox, (13)
where (¢ is an unspecified constant,

When equation (13) is inserted into equations (9) through (12),
we obtain

fo =%1 208x + (27 - 1) oPx® + 2y(y - 1) of*x® +

+ Z——;—l (472 - 2y - 1) o™x* + } . (14)




2
1
fa=3 <LJ§_1> {2"‘3 +2(6y - 1) o*x + (367% - 197 - 4)a%%®

+ 2(409% - 3892 - 3y + 4) afx® + ...}'. (15)
3

fe =.§_<L‘g.1-> {(57 - 1) o + (5692 - 20y - 3) ofx + } (16)
4

fg = zlz <2-§—1> {(54472 - 151y - 33) o + } . (17)

Now ¢ and x are of the same order of magnitude so that the product oPx9
is the same order of magnitude as P4, 1f equations (7) and equations
(14) through (17) are to be of the same order, fg must be restricted to
a single term (') and f, to fg will be restricted to terms of this same

(Q,Pxq ~ ') order,

To solve for ¢, the streamline adjacent to the nozzle wall must
have the same curvature as the nozzle wall., Thus,

11 v
S T+uox’ (18)

where u and Ov/Ox are evaluated at the intersection of the nozzle wall
and the critical velocity line. Inserting equations (8) and (14) through
(17) into (18), results in

Aoﬁ+m3+c<x4+m5+eoc6=pi, (19)
S
where
A=+l , (20)




B= (92 - 1) X T (21)

c= z+1 [8(372 -5y + 2) xs2 + 322 + 9 - 1) rsz}rs,

16
] (22)
E = <2—-Z—l> (367 - 33y +5) £ ° x_, (23)
and
3
G = (in> (287 - 197 + 2) x5, (24)

The origin of the x-axis is still an unknown for which a solution must
be found., If € is defined as the distance from the point of intersection
of the critical line, and the x-axis back to the throat section, then €
can be computed from the requirement that v = 0 at the throat wall, Then,

He® + Ke2 + Le +M =0, (25)
where
H=2y(y - 1) & (26)
K=[27- 1+7—§—1(3572- 19y - 4) 032‘105 (27)
2
L=2+23L 6y - 1)a2+2<1—’g—l>
« (5692 - 20y - 3) o* (28)
and

2
M=7;1[2+121(67-1)a2+%;<1-'g—1 (54tiy2

- 151y - 33) a‘{l a, (29)



and

at X = Xo, ¥ = rqe. Thus
S s

rg = 1 at the throat wall, The axial position of the intersection
of the critical line and the throat wall can be found from the require-
ments that

A +uw2+vd=1

3

_ =P +JPZ - 4 NQ'
2N ’

where

=
il

a-]
I

and

The

[l:l +-L%—1-(672- y - 1) rsz:loi,

247 (y+1) ofr2 +2<7'§—1 (3672 - 3y - 7) okt

2
1 [4 e R I DS <Z’§—1> (11292

-7 =-9) a4rs4] Qrsz.

radial position of this point is then found from

= - 2 _ ~cye !
rg 1+ Py «fps (xs €) .

(30)

(31)

(32)

(33)

(34)

(35)




Now the system of equations that must be solved [(19), (25), (31), (35)]
are interdependent and since equations (19) and (25) cannot be solved
explicitly for the necessary roots, it is necessary to resort to a
numerical iteration procedure to obtain the solution.

After the numerical solution of the above set of equations is com-
pleted, lines of constant velocity are determined from

(1 + u)2 + v2 = M*°, (36)

When the appropriate quantities are substituted into equation (36),
the geometric position of the constant velocity line is

-Pl + Pl - 4N1Q]

X = 2Nl - €, 37
where
N1=a2[1 +7—Z—1-(672-7-1) rz], (38)
2
P, =« [2 + y(y + 1) Pr® + 2 (7;—1 (3692~ 3y - 7)o:4r4],(39)
and
2
Q=1 —PP*2+L;1-[4+LZ—1 6y + 1) QBr2 +§<Z—-§—1> (11292
-7 -9) a4r4] ar2, (40)

One of the reasons for computing constant velocity lines is to use the
data as start-line data for a method of characteristics solution of the
downstream supersonic flow field. For all values of pg and y where con-
stant velocity lines were computed, it was found that the slope of all
constant velocity lines down to the throat section was less than the Mach
angle at points near the nozzle wall., This makes the constant velocity
lines unsuitable for starting lines since this makes computed points fall
behind the start-line points. Since many nozzles have different radii




of curvature upstream and downstream of the throat, it is often desirable
to have the start line begin at the throat section wall, It was found
that an arbitrary parabola that passes through the throat wall could be
used successfully as a start line, Such a parabola can be defined as

X = KA - r®, 'C3D)
where
M- 1
K= > - € =Ky - €, (42)
For this parabola to be a valid start line, we must have
L > tan 43
2K M=y (43)
or
R A
0 S v + 1 "r=1 (44)
2(M¥=o - 1l-oe) M*2 -1
r=1
where =

=, is the critical velocity at the throat wall and is given in
Table 4, Therefore, the critical velocity given on this arbitrary
parabola at the axis must satisfy the inequality of (44) if no computed
points are to fall on or behind the start line, The critical velocity
on the axis must always be smaller than the critical velocity at the
throat wall for the inequality of (44) to hold., With M*__  chosen the

geometry of the parabola is given by equation (41) and the velocity com-
ponents are given by

u =Ky + E3r% + Eor® + £3r6, (45)

10




§1=[-K+a721{1+(27-1)OK1+37(7‘1)0421(12}]05’ (46)

g2=1;—1[- 2K{27- 1+ 6y(y - 1) od(l}+ch:3-—l{67- 1

+ (3692 - 19y - 4) od(l}}ozs, (47)

£ —x+t1 [67(7 - 1) K2 - z——éi (3672 - 19y - 4) Ko

8
2
2 +1
+3 <Lg— (5672 - 20y - 3) oFJ at, (48)
and
vV = qir + nor® + mar® 4 onar’, (49)
where
+1 [
n = L= L2 + (2y - 1) &Ry + 27(y - 1) aer} oKy, (50)

n2=7_1_‘_l -2K{1+(27-1) oKy + 3y (y - 1) OtZKlz}
L

(51)

+ 1—;2 a {2 + 2(6y - 1) oK, + (3692 - 19y - 4) oﬁKf}] oF

11



+1 + 1
q3=%I:K2{27-1+67(7- 1) M(l}-ZTaK{Gy- 1

2
+ (369% - 19y - 4) aKl}-+ 2 <%;%%l> o {?7 -1

+ (5672 - 20y - 3) od(l}:l o, (52)

Na +LZ 1 [—K {27 (y - 1) K= - 7—; L (367% - 197 - 4) Ko

2 3
+ 2 <1-§—1> (5672 - 20y - 3) oﬁ} + % (Z-'S*—l (54472

- 151y - 33) oﬁ] at .

(53)

Desired final results are given by
M* =N (1 + u)2 + v2' (54)
6 = tan~1 T X = - (55)

12




IV. NUMERICAL SOLUTION AND RESULTS

It is possible to find a numerical iteration technique for the
solution of the foregoing sets of equations that closes satisfactorily.,
Equation (19) for  was solved by Newton's root method. This equation
appears to have only one real, positive root for typical values of
pg and y and the derivative is regular. Equation (25) for € has only
one real negative root and its derivative is regular so that it is
possible to solve this equation by Newton's root method. The iteration
procedure used to overcome the interdependence of the four equations is
outlined in the following procedure:

Step 1: Solve equation (19) for o with x5 = 0, rg = 1,
Step 2: Solve equation (25) for €, using & from step 1.

Step 3: Solve equation (31) for xg, using ¢ from step 1 and
let

= 2 2
rg =1+ pg - Pg” = € .

Step 4: Solve equation (35) for rg, using xg from step 3 and
€ from step 2.
Iteration

Step 5: Repeat step 1, using xg; from step 3 and rg from
step 4.

Step 6: Repeat step 2, using O from step 5.

Step 7: Repeat step 3, using o from step 5 and rg from
step 4.

Step 8: Repeat step 4, using xXg from step 7 and € from
step 6.

The iteration steps are repeated until two consecutive values of O agree
to the desired tolerance.

13



Results of a parametric series of solutions of the equations are
given in Tables 1 through 4 for various values of y and p_. For the
higher values of ¥y and lower values of Pg » imaginary values of xg were
obtained from equation (3l1), and it was not possible to obtain a numerical
solution for these cases., There seems to be no physical reason for the
critical line not to reach the nozzle wall for these conditions. It
appears, therefore, that the truncated series used to derive the equa-
tions are not adequate for these particular parametric combinations.

Equation (19) for « is an alternating series due to the fact that
Xg 1s negative; and since the general term cannot be derived, it is
impossible to prove that it is convergent. For small values of o, it
has been shown numerically that the final terms used in equation (19)
are insignificant, and it can be assumed that the series is closed.
However, for larger values of o, the final term of equation (19) is
significant, compared to the first term, and the solutions for large
values of ¢ are not closed.

14
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